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Abstract
General expressions for the anomalies appearing in pureW3 gravity are found
by requiring that they satisfy a modified version of the Wess-Zumino con-
sistency conditions in which the Ward identities are treated as nonvanishing
quantities.
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1 Introduction
Quantum W algebras have received much attention in recent years, due to
their appearance both as infinite-dimensional symmetry algebras in confor-
mal field theories [1, 2, 6], and as finite-dimensional algebras arising from
constraining the Kirillov Poisson algebra associated with a Lie algebra g with
the constraints associated to a particular embedding of sl(2) in g treated by
means of BRS quantization [3, 4].
A particular example of the former case was studied in detail in [7], in
which the quantum energy-momentum tensor T and quantumW3 current W
were coupled to classical sources h and b respectively. The partition function
depending on these sources was then found, and since the transformation
properties of the quantum currents and sources were given, the anomalies
for this theory of induced W3 gravity were determined. These anomalies
depended on both the sources and the effective currents, and in the classical
(i.e. |c| → ∞) limit, the transformations of the sources and effective fields
were found to form a closed algebra, which the authors referred to as the
“pure W3 gravity” algebra. The closure of this algebra therefore gave both
the Ward identities of the theory as well as insuring that the anomalies
satisfied the Wess-Zumino consistency conditions (WZCCs).
In [5], a BRS differential algebra with an underlying gauge symmetry
was considered. This was then constrained, in a manner akin to the second
of the two approaches described above, by decomposing the Lie algebra g
associated with this symmetry with respect to a particular sl(2) embedding
and then imposing constraints insuring the vanishing of the field strength
(i.e. a zero-curvature condition). For the case of the principal embedding
of sl(2) into sl(3), the resulting relations between the BRS algebra elements
due to these constraints gave the pureW3 gravity transformation algebra and
the Ward identities, identical to the ones in [7]. The anomalies were then
determined by requiring them to be conformally covariant local functionals
of ghost number unity which were BRS-closed (up to an overall derivative);
these criteria guaranteed that the WZCCs would also be satisfied.
However, the sets of anomalies from these two treatments were not the
same. This fact immediately begs the question, “Why not?” The goal of this
work is to try to answer this question by finding the most general possible
forms of the conformal and W3 anomalies of pure W3 gravity satisfying a
modified version of the WZCCs. The approach presented here will be purely
1
formal, by treating pureW3 gravity as the abstract algebra of transformations
on a set of classical fields, without worrying whether this algebra came from
a conformal field theory or a BRS algebra.
2 Pure W3 Gravity
2.1 Pure W3 Gravity Algebra
The pure W3 gravity algebra (using the notation of [7]) consists of two sets
of transformations defined on four classical fields in a 2-dimensional space
Σ (with coordinates (z, z¯)): the stress-energy tensor u, the metric h, the
W3 current v, and the W3 gauge field b. The first set are the usual linear
conformal transformations; they close on the two sectors, i.e. (u, h) 7→ (u, h)
and (v, b) 7→ (v, b). More specifically, with the infinitesimal transformations
parametrized by functions ǫ, these take the form
δǫu = ∂
3ǫ+ ǫ∂u + 2u∂ǫ,
δǫh = ∂¯ǫ+ ǫ∂h − h∂ǫ,
δǫv = ǫ∂v + 3v∂ǫ,
δǫb = ǫ∂b − 2b∂ǫ, (2.1)
The W3 transformations (which are denoted with a barred δ to distin-
guish them from the conformal ones) mix the two sectors nonlinearly, in the
following manner:
δ¯λu =
1
15
λ∂v +
1
10
v∂λ,
δ¯λh =
1
15
λ∂3b− 1
10
∂λ∂2b+
1
10
∂2λ∂b− 1
15
∂3λb+
8
15
u(λ∂b− b∂λ),
δ¯λv = ∂
5λ+ 2λ∂3u+ 9∂λ∂2u+ 15∂2λ∂u + 10∂3λu+ 16u(u∂λ+ λ∂u),
δ¯λb = ∂¯λ+ 2λ∂h− h∂λ, (2.2)
where λ is the variation parameter.
There are also two particular combinations of the fields, ω and ω¯, which
play a major role in the study of pure W3 gravity anomalies, given by
ω := ∂3h+ 2u∂h+ h∂u +
1
15
b∂v +
1
10
v∂b− ∂¯u,
2
ω¯ := ∂5b+ 16u(u∂b+ b∂u) + 2b∂3u+ 9∂b∂2u+ 15∂2b∂u + 10∂3bu
+3v∂h+ h∂v − ∂¯v. (2.3)
Under the conformal and W3 transformations, these transform as
δǫω = ǫ∂ω + 2ω∂ǫ,
δ¯λω =
1
15
λ∂ω¯ +
1
10
ω¯∂λ,
δǫω¯ = ǫ∂ω¯ + 3ω¯∂ǫ,
δ¯λω¯ = 2λ∂
3ω + 9∂λ∂2ω + 15∂2λ∂ω + 10∂3λω
+16u(ω∂λ+ λ∂ω). (2.4)
On the fields u, v and b, it may be shown explicitly that the transforma-
tions form a Lie algebra, with the commutators given by
[δǫ1 , δǫ2] = δ{ǫ1,ǫ2},
[
δǫ , δ¯λ
]
= δ¯{ǫ,λ},
[
δ¯λ1 , δ¯λ2
]
= δ{λ1,λ2}, (2.5)
where the Poisson bracket { , } is defined on the space of variations by
{ǫ1, ǫ2} = ǫ2∂ǫ1 − ǫ1∂ǫ2,
{ǫ, λ} = 2λ∂ǫ− ǫ∂λ,
{λ1, λ2} = 1
15
λ2∂
3λ1 − 1
10
∂λ2∂
2λ1 +
1
10
∂2λ2∂λ1 − 1
15
∂3λ2λ1
+ {λ1, λ2}′ , (2.6)
where
{λ1, λ2}′ = 8
15
u(λ2∂λ1 − λ1∂λ2). (2.7)
(The reason for splitting the last Poisson bracket up in this way will become
apparent in Section 4.) However, on h, although the first two of (2.5) hold,
the third takes the form
[
δ¯λ1 , δ¯λ2
]
h− δ{λ1,λ2}h =
8
15
(λ2∂λ1 − λ1∂λ2)ω, (2.8)
so, a priori, the algebra of transformations does not close.
3
2.2 Ward Identities and Equivalence Relations
Recall that in [7], this algebra was obtained as the classical limit of an effec-
tive field theory coming from a quantum action which exhibited conformal
and W3 symmetries. In this context, the algebra must close, and this gives
the Ward identities of the theory, namely the vanishing of ω and ω¯ (the latter
condition arising from consistency with the second and fourth of (2.4)). In
[5], the same algebra and Ward identities came about as consequences of the
zero-curvature conditions constraining the BRS algebra.
However, if the situation is treated purely formally, then one cannot use
either of these arguments to eliminate the extraneous term in the W3 −W3
transformation of h. Instead, this is accomplished by realizing that because ω
and ω¯ transform into one another, any quantity of the form A+ f(ω), where
f is some linear function, will change under conformal transformations as
δǫA + f
′(ω) and under W3 transformations as δ¯λA + f ′′(ω¯), where f ′ and
f ′′ are some other linear functions, and similarly for ω¯. Therefore, one may
consistently treat two quantities as equivalent if they differ by some linear
function of ω and/or ω¯. Thus, by adopting this point of view, one sees that
the algebra of transformations does in fact close, even on h.
3 GeneralizedWess-Zumino Consistency Con-
ditions
In order to extend the approach outlined in the previous section to anomalies
rather than classical fields, one must introduce the functionals Ω and Ω¯ given
by
Ω [ǫ] ≡ 30
∫
Σ
d2z ǫ ω,
Ω¯ [λ] ≡
∫
Σ
d2z λ ω¯. (3.9)
The transformation laws (2.4) imply that
δǫ1Ω [ǫ2] = Ω [{ǫ1, ǫ2}] , δ¯λΩ [ǫ] = Ω¯ [{λ, ǫ}] ,
δǫΩ¯ [λ] = Ω¯ [{ǫ, λ}] , δ¯λ1Ω¯ [λ2] = Ω [{λ1, λ2}] . (3.10)
These two functionals are linear both in their arguments and in ω and ω¯
respectively, and transform into one another. Therefore, two functionals A
4
and B can be considered equivalent if they differ by Ω and/or Ω¯, where the
latter two may have any arguments whatsoever. This is entirely consistent;
if any objects linear in ω and ω¯ are going to be modded away, it doesn’t
matter what’s multiplying them inside the integrals.
Recall the usual form of the WZCCs: if one has a closed algebra of
variations δξ, where ξ is the variation parameter, then an anomaly ∆ [ξ] is a
linear functional of ξ which must satisfy
δξ1∆ [ξ2]− δξ2∆ [ξ1] = ∆ [{ξ1, ξ2}] . (3.11)
In the case considered here, there are two such variations, but the algebra
does not close. However, the existence of the functionals Ω [ǫ] and Ω¯ [λ] allow
the following generalization of the WZCCs which will rectify this: let ∆ [ǫ]
and ∆¯ [λ] be functionals of the conformal and W3 parameters respectively.
They will be considered to be anomalies of the theory if and only if they
satisfy the following three conditions:
δǫ1∆ [ǫ2]− δǫ2∆ [ǫ1] = ∆ [{ǫ1, ǫ2}] + Ω [f1(ǫ1, ǫ2)] ,
δ¯λ1∆¯ [λ2]− δ¯λ2∆¯ [λ1] = ∆ [{λ1, λ2}] + Ω [f2(λ1, λ2)] ,
δǫ∆¯ [λ]− δ¯λ∆ [ǫ] = ∆¯ [{ǫ, λ}] + Ω¯ [f3(ǫ, λ)] , (3.12)
where f1,2,3 are any functions of the appropriate variation parameters (not
necessarily the Poisson brackets given by (2.6)).
4 Pure W3 Gravity Anomalies with General-
ized WZCCs
4.1 A Basis for Pure W3 Gravity Anomalies
One can define the following five quantities, which are functionals of the W3
variation parameter λ:
A¯ [λ] := −
∫
Σ
d2z λ∂5b,
B¯ [λ] := 16
∫
Σ
d2z λu(u∂b+ b∂u),
C¯ [λ] :=
∫
Σ
d2z λ(2b∂3u+ 9∂b∂2u+ 15∂2b∂u + 10∂3bu),
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D¯ [λ] :=
∫
Σ
d2z λ(3v∂h+ h∂v),
E¯ [λ] :=
∫
Σ
d2z λ∂¯v; (4.1)
and the four functionals of the conformal parameter ǫ:
F [ǫ] := −30
∫
Σ
d2z ǫ∂3h,
G [ǫ] :=
∫
Σ
d2z ǫ(2u∂h + h∂u),
H [ǫ] := 1
30
∫
Σ
d2z ǫ(2b∂v + 3v∂b),
I [ǫ] :=
∫
Σ
d2z ǫ∂¯u. (4.2)
However, note that
Ω [ǫ] := −F [ǫ] + 30 (G [ǫ] +H [ǫ])− 30I [ǫ] ,
Ω¯ [λ] := −A¯ [λ] + B¯ [λ] + C¯ [λ] + D¯ [λ]− E¯ [λ] , (4.3)
so that any two of the just-defined functionals can be replaced by Ω¯ [λ] and
Ω [ǫ]. The choices made here are to get rid of C¯ [λ] and H [ǫ].
The transformation properties for Ω [ǫ] and Ω¯ [λ] have already been given
in (3.10); for the W3 variations of the above functionals, one obtains
δ¯λ1A¯ [λ2]− δ¯λ2A¯ [λ1] = F [{λ1, λ2}]− F
[
{λ1, λ2}′
]
,
δ¯λ1B¯ [λ2]− δ¯λ2B¯ [λ1] = F
[
{λ1, λ2}′
]
+ Ω
[
{λ1, λ2}′
]
,
δ¯λ1 E¯ [λ2]− δ¯λ2 E¯ [λ1] = 30I [{λ1, λ2}] , (4.4)
and for the conformal transformations,
δǫ1F [ǫ2]− δǫ2F [ǫ1] = F [{ǫ1, ǫ2}] ,
δǫ1I [ǫ2]− δǫ2I [ǫ1] = I [{ǫ1, ǫ2}] , (4.5)
and finally, the W3 variations of the conformal functionals are
δ¯λF [ǫ] = δǫA¯ [λ] + δǫB¯ [λ] + A¯ [{λ, ǫ}] + B¯ [{λ, ǫ}] ,
δ¯λI [ǫ] = 1
30
(
δǫ E¯ [λ] + E¯ [{λ, ǫ}]
)
. (4.6)
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(The reason that D¯ [λ] and G [ǫ] have disappeared completely comes from the
fact that they always appears in the combinations C¯ [λ]+D¯ [λ] and G [ǫ]+H [ǫ],
so eliminating C¯ [λ] andH [ǫ] in favor of Ω¯ [λ] and Ω [ǫ] respectively eliminates
D¯ [λ] and G [ǫ] as well.)
Notice that the only combinations appearing in the mixed transformations
(3.10) and (4.6) are F [ǫ], I [ǫ], Ω [ǫ], A¯ [λ] + B¯ [λ], E¯ [λ], and Ω¯ [λ]. So, the
last of (3.12) implies that these are the only possible terms which can appear
in ∆ and ∆¯. With this in mind, it now becomes more convenient to change
bases to the three conformal functionals Ω [ǫ], ∆0 [ǫ] and δS0 [ǫ], and the three
W3 functionals Ω¯ [λ], ∆¯0 [λ] and δ¯S0 [λ], where
∆0 [ǫ] := F [ǫ] ,
δS0 [ǫ] := F [ǫ]− 30I [ǫ] ,
∆¯0 [λ] := A¯ [λ] + B¯ [λ] ,
δ¯S0 [λ] := A¯ [λ] + B¯ [λ]− E¯ [λ] . (4.7)
Not only do these choices simplify the basis, but notice that δS0 [ǫ] and δ¯S0 [λ]
are precisely what the notations suggest, i.e. the appropriate variations of
the “action”
S0 :=
∫
Σ
d2z (30uh+ vb) . (4.8)
4.2 Pure W3 Gravity Anomalies
The transformations of the new basis elements (4.7) are
δǫ1∆0 [ǫ2]− δǫ2∆0 [ǫ1] = ∆0 [{ǫ1, ǫ2}] ,
δ¯λ1∆¯0 [λ2]− δ¯λ2∆¯0 [λ1] = ∆0 [{λ1, λ2}] + Ω
[
{λ1, λ2}′
]
,
δǫ∆¯0 [λ]− δ¯λ∆0 [ǫ] = ∆¯0 [{ǫ, λ}] , (4.9)
and
δǫ1δS0 [ǫ2]− δǫ2δS0 [ǫ1] = δS0 [{ǫ1, ǫ2}] ,
δ¯λ1 δ¯S0 [λ2]− δ¯λ2 δ¯S0 [λ1] = δS0 [{λ1, λ1}] + Ω
[
{λ1, λ2}′
]
,
δǫ δ¯S0 [λ]− δ¯λδS0 [ǫ] = δ¯S0 [{ǫ, λ}] . (4.10)
Thus, under the generalized WZCCs, all six of the basis elements are
permissible pure W3 gravity anomalies, so the most general possible confor-
mal and W3 anomalies will just be linear combinations of these functionals,
7
subject to (3.12); it is easy to show that these must have the form
∆ [ǫ] = α∆0 [ǫ] + βδS0 [ǫ] + γΩ [ǫ] ,
∆¯ [λ] = α∆¯0 [λ] + βδ¯S0 [λ] + τ Ω¯ [λ] , (4.11)
for arbitrary constants α, β, γ and τ .
4.3 Examples
In order to illustrate the utility of the approach of this work, the two sets of
anomalies from [7] and [5] are examined and shown to both come from the
general form (4.11) with specific values of the constants α, β, γ, and τ .
The comparison with the anomalies in [7] is easy, since the notation used
herein is the same; they correspond to the constants above taking the par-
ticular values α = c
360π
, β = γ = τ = 0, and thus are of the form
∆ [ǫ] =
c
360π
∆0 [ǫ] ,
∆¯ [λ] =
c
360π
∆¯0 [λ] . (4.12)
From a field-theoretical point of view, these are in fact the only possible
anomalies; they both come from the variations of an effective action arising
from a quantum action which is invariant under the W3 algebra. Thus,
there are no pieces involving ω and ω¯ (due to the Ward identities), and
automatically satisfy the usual WZCCs (since the algebra closes).
To consider the anomalies obtained in [5], one must first find the relations
between the fields (Λzz, vz¯
z,W3, vz¯z
z) and the BRS ghosts (cz, cz¯z), and the
fields (u, h, v, b) and the variation parameters (ǫ, λ); the correct identifications
are
Λzz 7→ u, vz¯z 7→ h,
W3 7→ i
24
√
10
v, vz¯z
z 7→ i√
10
b,
cz 7→ ǫ, cz¯z 7→ i√
10
λ, (4.13)
so that the anomalies take the form
∆ [ǫ] =
1
15
(∆0 [ǫ]− δS0 [ǫ] + Ω [ǫ]) ,
8
∆¯ [λ] =
1
15
(
∆¯0 [λ]− δ¯S0 [λ] + Ω¯ [λ]
)
, (4.14)
which correspond to α = −β = γ = τ = 1
15
. In this BRS approach, the
algebra closes and the Ward identities are satisfied, so in reality, the anoma-
lies in [7] and [5] differ only by the appropriate variation of the quantity S0.
This of course is not a problem, because if the algebra closes, one can add
any total variations δǫF and δ¯λF of some field-dependent quantity F to the
respective anomalies, and the usual WZCCs will still be satisfied.
5 Conclusion
By extending the WZCCs in the manner just presented, it is possible to
determine general forms for the anomalies appearing in pureW3 gravity, and
that two of the known cases do indeed have these forms. However, there is no
reason that this same argument would not apply to other cases, e.g. a theory
with aWN symmetry; for the symmetry algebra of such a theory to close, the
quantities corresponding to ω and ω¯ will transform into themselves, so that
all Ward identities hold covariantly. This means that one can use the same
trick, namely, treat any two expressions differing by a linear combination of
these quantities as equivalent. General forms of the anomalies may then be
obtained.
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